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Abstract

The lecture is an short introduction to the topic of our PhD seminar. We give a

brief motivation and a short introduction on why one should care about crystalline and

prismatic cohomology.
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1 Crystalline Cohomology : Introduction.

1Let k be a �eld with q elements andX/k be a smooth, projective and geometrically connected
scheme. A question which normally arises is to count the number of rational points of X.
More generally, one wants to know the number cν of kν-valued points of X, where kν is the
extension of k of degree ν. A concrete way to study is the associated zeta function:

ZX(t) = exp
( ∞∑
ν=1

cν
ν
tν
)

=
∏

x∈|X(k̄)|

1

1− tdeg x
.

The famous Weil conjecture asserts that ZX(t) is is actually a rational function, satisfying a
functional equation, with zeroes being of speci�c values.

The Weil conjecture was proven by Weil,Dwork, Grothendieck,Deligne and others. It was
suggested that such a formulation should follow formally from existence of a certain cohomol-
ogy theory for varieties over �nite �elds where many properties like Lefschetz's �xed points
theorem, Poincaré duality and other properties were suppores to hold. The developement
of the l-adic étale cohomology by Grothendieck and Artin was such a cohomology theory
which had such good properties. Precisely, l-adic cohomology is a Weil Cohomology theory,
in sense that it is a contravariant functor H∗ from the category of smooth projective varieties
to category of graded algebras over Ql (l 6= p ) of characteristic 0 , satisfying the following
properties:

1The reference for this section are [1],[6] and [2].
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1. Finiteness : dimH i(X) is �nite.

2. Poincaré duality : Isomorphism between H i(X) and H2 dimX−i(X).

3. Trace map : Isomorphism H2 dimX(X)→ Ql.

4. K unneth formula : H∗(X)×H∗(Y )→ H∗(X × Y ).

5. Cycle map : Zi(X)→ H2i(X) , compatible with intersections and cup product.

6. Weak and Hard Lefschetz theorem.

Morever, by comparison theorem of Artin and base change theorem on Etale cohomology,
one gets the following statement:

Let X be a smooth projective scheme over Fq which admits a smoooth proper lift X over
Zp, then one has :

H∗(Xet,Zl) ∼= H∗(Xan,Z)⊗ Zl

However, things do not go as planned in l = p case. Many of the properties mentioned
above do not hold. Also, one does not recover the information of "p"-torsion of singular
cohomology. This leads to developement of Crystalline cohomology as a "good" cohomology
theory in l = p case.
Usually if a variety lies over a �eld k of positive characteristic, one wants to consider natural
liftings over Zp and look at the de Rham cohomology. There are several questions in this
context:

1. Does every smooth proper variety over k admits a smooth proper lifting X̃ over Zp?

2. If so, is the de Rham cohomology H∗(X̃,ΩX̃/Zp
) independent of the liftings?

3. Is there a canonical way to de�ne those cohomology without referring to liftings?

The way of answering such questions is at �rst done by de�ning the in�nitesimal site by
Grothendieck.

To a variety X over C, denote Inf(X/C) to be the category whose objects are nilpotent
thickenings i.e a nilpotent closed immersion U ↪→ T , where U is a Zariski open subset of X.
Morphisms between (U, T )→ (U, T ′) are commutative diagrams:

U T

U ′ T ′

inc u

A collection {(Ui, Ti)}i∈I is a covering of (U, T ) if Ti → T is a Zariski covering.
Thus a sheaf F on Inf(X/C) is a collection of Zariski sheaves FT on each (U, T ), such that
for any morphism f : (U, T )→ (U ′, T ′), there is a morphism f ∗F ′

T → FT with usual cocycle
conditions of commutativity. If for a sheaf F then F is said to be crystal. Morever the
sturcture sheaf OX/C is a crystal.
General categorical nonsense allows us to de�ne cohomology groups H i(Inf(X/C),F ).
Grothendieck proved that :
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1. If X/C is smooth, then H i(Inf(X/C),OX/C) ∼= H i(X,Ω•X/C).

2. If Y/C is smooth and X ↪→ Y is a closed subscheme, then H i(Inf(X/C),OX/C) ∼=
H i(Ŷ , Ω̂•Y/C), where Ŷ is the formal completion of Y along X.

3. IfX ′ ↪→ X is a nilpotent immersion, thenH i(Inf(X/C),OX/C) ∼= H i(Inf(X ′/C),OX′/C).

4. In�nitesimal site can be de�ned over arbitrary base scheme other than SpecC and base
change holds.

These properties shows the independence of cohomology of liftings. Now, we need to
apply to this to our p-adic setting. Turns out that the statement 1 does not hold in the p
adic setting. This is because the Poincare lemma fails in characteristic p.

Example 1.1. Let X = V (p) and X ↪→ Y = A1
Zp
. Then Ŷ = Spf(Zp{t}) where Zp{t} is

the ring of convergent power series.
The de Rham cohomology is calculated by the complex :

0→ Zp{t}
d−→ Zp{t} → 0

Now turns out that H1 is in�nitely generated. As the image of d does not contain tp−1dt.
Thus this is not exact.

As you can see, the obstruction to such exactness can be easily removed once we add the
coe�cients tn/n! in the base ring. Denote Zp〈t〉 to be the p-adic completion of Zp[t][tn/n!;n ∈
N], then the derivative map from Zp〈t〉 → Zp〈t〉dt is surjective.

Thus to make the de Rham complex exact, we need to add elements an/n! for a in
the de�ning ideal of X ↪→ Y . Such structures are called divided power structures. Thus
Grothendieck's idea was to de�ne a site where objects are instead of nilpotent extensions,
they are equipped with a PD structure of the de�ning ideal. This leads to the de�nition of
the crystalline site and the cohomology of this site is called the crystalline cohomology.

The seminar shall introduce the notion of divided power structures, the crystalline site
and crystalline cohomology. We can de�ne divided power ideals as follows:

De�nition 1.1 ([1], De�nition 3.1). Let A be a commutative ring, I ⊂ A be an ideal. By
divided powers on I, we mean a collection of maps γi : I → A for all integers i ≥ 0 such that
n!γn(x) = xn for any n ≥ 0 and for all x ∈ I.

A very important example is the following:

Example 1.2. Let k be a �eld of characteristic p. Let W = W (k) be the ring of Witt
vectors. Then the pair (p) ⊂ W has a divided power structure given by γn(x) = xn/n! for
x ∈ (p).
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Such notions can be upgraded on the level of schemes and formal schemes. This shall
enable us to de�ne the crystalline site (X/S)cris where S is a P.D scheme and locally nilpotent.
Categorical formalism allows us to de�ne crystalline cohomology. We shall introduce the
de�nition of crystals in the setting of Crystalline site. The main goal of the �rst part of our
seminar is to prove the comparsion theorem between crystalline and de Rham cohomology.

Theorem 1.1 ([2], Corollary 3.8). Let k be a perfect �eld of characteristic p. Let W = W (k)
be the ring of Witt vectors. Let X be a smooth variety over k. Suppose X admits a smooth
proper lifting Z over W , then

H i
cris(X/W ) ∼= H i

dR(Z/W ).

Remark 1.1. 1. The crystalline cohomology groups are equipped with a Frobenius ac-
tion.

2. One way of computing Crystalline Cohomology which we shall not see in this seminar
is via de Rham Witt Complex.

2 Prismatic Cohomology : Introduction.

2Consider X an algebraic variety over SpecZ. Over any p, we denote Xp to be the corre-
sponding �ber.
It is possible to organize the known cohomology theories according to two parameters:

1. Fiber of X → SpecZ, denoted by variable p.

2. Coe�cients: Z,Z/lkZ, C . . . , denoted by variable l.

We have the following diagram:
The di�erent cohomology theories that one encounter are the following:

1. Singular cohomology: De�ned on X(C) and it is in Z-coe�cients.

2. De Rham cohomology : De�ned for any X,Xp, X(C) and coe�cients are in Z,Fp,C.
In the case of de Rham cohomology the base �eld and the coe�cient �eld are of same
characteristic so l = p.

3. Étale cohomology: De�ned for any X but with l 6= p condition. Thus it is de�ned for
l 6= p.

4. Crystalline cohomology: De�ned for Xp with Zp coe�cients. Thus u = 0 and l can be
arbitrary.

Such information can be incorporated into the following diagram :
2The reference for this section are [7, Scholze's talk in UCLA], [3] and [5].
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u

p

crystalline

de Rham

∞

singular
etale

(p,l)

(p, p)

MOTIVATION: Prismatic Cohomology �lls the picture of the diagram above, i.e it gives
a cohomology theory over 2 dimensional base ring which specalizes to all such theories. In a
naive way, it can be explained as follows: Let X be a variety over Zp. Let A = Zp[|u|]. We
consider Zp as the image of the morphism Zp[|u|]→ Zp by sending u→ p. Also there exists
a Frobenius endomorphism φ on A de�ned by u → up. There exists a prismatic complex
RΓ�(X/Zp[|u|]) in D(Zp[|u|]) which has the following properties :

1. When specalized to Zp, yields crystalline cohomology H i
cris(Xp/Zp).

2. When specalized to the ideal (u− pp), yields the de Rham cohomology H i
dR(X/Zp).

3. When specalized at Zp((u))∧(p) (i.e the p adic completion), produces Étale cohomology
H i
et(XQp ,Zp).

The precise general statement for any bounded prism (A, I) is given in Theorem 1.8 of [5].

Remark 2.1. 1. The construction of such a complex can be done in an alternative way
using Topological Hochschild Cohomology. This was used in [4] to construct a similar
complex which acts as a "universal cohomology theory".

2. As in the statement above, the pair (Zp[|u|], (u− p), φ) is an example of a prism which
are the buliding blocks of this cohomology theory.

Given a ring A together with a ring endomorphism φ on it, which lifts the Frobenius
modulo p, we obtain a set theoretic map δ : A→ A such that φ(a) = ap +pδ(a) for all a ∈ A.
The fact that φ is a ring morphism is encoded in certain identities that δ satis�es. If A is
p-torsionfree, then giving φ is equivalent to giving the map δ; if however A has p-torsion, then
at least any map of sets δ : A→ A satisfying the aforementioned identities yields a Frobenius
lift φ by the above formula. Pairs (A, δ) are called δ-rings.

Example 2.1. Let k be a perfect �eld of characteristic p > 0. Then the Frobenius on k
induces a Frobenius lift on W (k). The kernel of the canonical map W (k) � k is principal,
generated by p. The pair (W (k), (p)) consisting of the p-adically complete δ-ring W (k) and
the ideal (p) is an instance of a crystalline prism.
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De�nition 2.1 ([5], De�nition 3.2). A prism is a pair ((A, δ), I) consisting of a δ-ring (A, δ)
(with associated Frobenius φ) and an ideal I ⊂ A, which de�nes a Cartier divisor in Spec(A),
such that

(i)A is (derived) (p, I)-adically complete,

(ii) p ∈ I + φ(I)A, i.e. V (I) and (φ∗)−1(V (I)) meet only in characteristic p.

Example 2.2. The canonical mapW (O[Cp
) � OCp from p-adic Hodge theory de�nes a prism.

Indeed, the kernel is generated by the element ξ = p− [p[], where p[ ∈ O[Cp
:= lim←−x 7→xp OCp

is a compatible system of p-power roots of p. Since φ(ξ)− ξp ∈ p(1 + pW (O[Cp
)), we see that

δ(ξ) is a unit in W (O[Cp
) and thus condition (ii) is satis�ed.

The ring OCp is an example of a perfectoid ring, and the Frobenius on W (O[Cp
) is an

isomorphism, so that the (W (OC[
p
), (ξ)) is an instance of a perfect prism.

We will de�ne perfectoid rings in general and then see the following result:

Theorem 2.1 ([5], Theorem 3.10). Mapping a perfect prism (A, I) to A/I induces an equiv-
alence of categories

(Perfect prisms) ' (Perfectoid rings) .

The inverse is given by sending a perfectoid ring S to the prism (W (S[), ker(θ)), where
θ : W (S[)→ S is Fontaine's canonical map, which will be recalled in one of the talks.

Going back to the crystalline setting in Example 2.1, given an algebraic variety over k
admitting a smooth lift to W (k), we have the attached crystalline complex RΓcrys(X/W (k)),
computed as the sheaf cohomology of the structure sheaf on the crystalline site (X/W (k))crys.
In a similar fashion, restricting to the a�ne situation, given a prism (A, I) and a smooth
p-complete A/I-algebra R, there is the prismatic site (R/A)� along with a structure sheaf
O�. Our main goal is to explain the comparison result:

Theorem 2.2 ([5], Theorem 5.2). Let (A, (p)) be a crystalline prism, let I ⊂ A be a pd-ideal
containing p. Given a smooth A/I-algebra R, there is a canonical isomorphism

�R(1)/A ' RΓcrys(R/A),

where R(1) = R⊗A/I,φ A/p and �R(1)/A = RΓ((R(1)/A)�,O�).

The key ingredients for the proof of this theorem are the realization of divided powers via
δ-structures as well as the prismatic envelope of a δ-pair, paired with the fact that cohomol-
ogy on a chaotic site can be computed via a �ech-Alexander complex.

We will also introduce the Hodge-Tate comparison map; and, if time permits, we will also
see how to apply the crystalline comparison to show that the Hodge-Tate comparison map
is an isomorphism in characteristic p (we will not see a proof in the characteristic 0 case,
though):

Corollary 2.1 ([5], Corollary 5.4). Given a smooth A/p-algebra S, the Hodge-Tate compar-
ison map

Ω∗S/(A/p)
∼= H∗(�S/A)

is an isomorphism, where �S/A = �S/A ⊗LA A/I.
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