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Plan of the talk:

1. Define THH as a spectrum and as a T-spectrum. We shall see visualize this as a
cyclotomic spectrum.

2. Define TC.

In order to understand the definitions, we need Tate construction and Tate diagonal. This
shall define us the category of cyclotomic spectra CycSp.

1 Introduction to THH.
The general aim :Have rich Hochschild type invariants, especially in char p.

We have learned for a smooth commutative algebra, the HKR theorem, HH(−) agree
with DeRham cohomology.

Let’s check what we can get for HH•(Fp). There are different ways of considering it :

1. HH•(Fp/Fp) =

!""#""$
Fp • = 0
0 elsewhere

.

2. Fp over Z module, then we get the same result.

3. Replace ⊗ by (⊗L) i.e in D(Z). One can compute by taking a simplicial resolution.
One gets

HH•(Fp/Z) = Fp < x >:= Fp[x,x
2/2!,x3/3!, ...]

where x is a generator ofHH2(Fp/Z). But xp = 0 is not a generator ofHH2p(Fp/Z).

4. Next step: Idea of Waldenhausen and Goodwille: to use a deeper base: S, the sphere
spectrum, DefineHH(Fp/S) =: THH(Fp) = Fp[x] for eachn, xn generatesTHH2n(Fp).

Question: In what sense is S is a deeper base/ more initial object than integers/ natural
object to do algebra over?

Motivation :

1. In Classical algebra, we start with N which is free monoid. We take its group com-
pletion Ngrp = Z. Considering the derived category, we get D(Z). We have the fol-
lowing tabular form, where the right hand side is the categorification of the objects
on the left.
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2 - Definition of THH (as a spectrum). Hochschild and Cyclic Homology.

Categorification of classical objects
Classical algebra Categorified objects
N (Finite Sets)∼ = (Fin Sets, Bi-

jection)
Ngrp =Z (Fin Sets∼)grp ! S

D(Z) ”D(S)” = Sp

2. Given a field k and a morphism Z→ k, we have a diagram :

Sp D(Z) D(k)

−⊗Z

H

⊗k

forget

We have a functor H : D(Z) → Sp the Eilenberg Maclane functor is a fully faithful
functor with essential image HZ-modules.

2 Definition of THH (as a spectrum).
Recall HH•(A) = H•(· · ·A ⊗ A → A). We also have a corresponding simplicial complex
∆op→ModZ.

We can consider the geometric realization of the simplicial complex and the homotopy
groups of those are same as the Hochschilf homology groups.
Recall from the last talk :

C a 1− cat, we have :
Fun⊗(Ass⊗,C) ! Alg(C).

and for C an∞-category, we have

Fun⊗(N (Ass⊗),C) =: AlgA∞−E1(C).

Given A an algebra, we have Ass⊗
A⊗−−→ModZ.

Lemma 2.0.1. There exists a natural functor Cut : ∆op→ Ass⊗ such that

∆op→ Ass⊗→ModZ

is the simplicial complex above.

Let C = Sp /D(Z). Given A ∈ AlgE1(C).

Definition 2.0.1. HH•(A/C) := |N (∆op)→N (Ass⊗)
A⊗−−→ C|. .

For C =D(Z), we get HH•(A/D(Z)) = HH•(A/Z).

For C = Sp, we define HH•(A/ Sp) =: THH(A).
For A a ring, we define THH(A) := THH(HA) = | · · ·HA⊗S HA→HA|.

Remark 2.0.1. We have THH(S) = S.
For A ⊃Q, a Q algebra, we have THH•(A)→ HH•(A) is an isomorphism in Sp. Here we
see the object in right hand side as inclusion of D(Z) into Sp.
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3 - The cyclic structure on THH. Hochschild and Cyclic Homology.

Example 2.0.1.
THH(Z) !HZ⊗ τ≥3ΩS3

In other words,

THH•(Z) =

!""""#""""$

Z • = 0
Z/k • = 2k − 1
0 otherwise

3 The cyclic structure on THH.
Definition 3.0.1.

SpG := Fun(BG,Sp).

It is an analogue of G-modules which a functors from G→ModZ.
The cyclic structure on THH can be encoded in a T = S1 action on THH(A).
So the question : where is the circle?

Recall: The Hochschild simplicial complex is a cyclic object, i.e a functorΛ := ∆Cop→
ModZ.
We have the inclusion∆ ↩→Λ. The Hochschild complex being cyclic means that there exists
φ, such that the following diagram commutes.

∆op ModZ

Λop

HH

φ

We see that |Λ| = S1. This is because if you consider S1 as the simplicial set ∆1/∂∆1,
then, we have an unique 1- simplex τ which is not a degenerate 0-simplex. One can see
that on each of the simplicies there is a cyclic action given by τ and its degeneracies. then
we get

|N (Λ)op | =N (S1) = BS1

Turns out, we have an adjunction :

SpT = SpS
1
⇆ Fun(N (Λ)op ,Sp)

where the functor from left to right is essentially surjective. Thus we can interpret THH as
the following diagram:

N (∆)op

N (Λ)op N (Ass⊗) Sp

Cut

THH

A

Taking geometric realization, we get a map

T = |N (Λop)|→ THH•()

Thus we can consider THH as an element of SpT.
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